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 A B S T R A C T

Mechanical metamaterials are synthetic materials that can possess extraordinary physical characteristics, such 
as abnormal elasticity, stiffness, and stability, by carefully designing their structure. The representation of 
metamaterials through high-resolution voxels has the potential to reveal delicate local structures with unique 
mechanical properties. However, this approach results in a substantial computational burden. To this end, 
this paper proposes a fast inverse-design framework driven by a self-conditioned diffusion model. An initial 
set of microstructures is first generated using a physics-based optimization algorithm and used to train the 
diffusion model. The trained model is then employed to synthesize new candidate microstructures, from 
which high-quality samples are selected and incorporated into the training set for subsequent retraining. 
By iterating this generate–filter–retrain cycle, we progressively construct a large-scale dataset and obtain a 
high-performance generative model. Our model is capable of generating a microstructure to approach the 
specified homogenized tensor matrix in just 0.42 s on an NVIDIA GeForce RTX 3090 GPU. Compared with the 
state-of-the-art gradient-based topology optimization method, we achieve an average acceleration of 100 times. 
Furthermore, we demonstrate that the proposed model enables efficient exploration of extreme metamaterial 
designs, supports multiscale design workflows, and, through a dedicated guidance mechanism, generates 
families of metamaterials with continuous variations in both geometry and physical properties. This flexible 
and adaptive generative tool is of great value in structural engineering or other mechanical systems and can 
stimulate more subsequent research.
1. Introduction

Architectured metamaterials, a novel frontier in materials research, 
have opened up new possibilities for creating materials with unique and 
unconventional functionalities. They offer precise control over a range 
of physical properties, including mechanical strength [1–3], Poisson’s 
ratio [4–8], and buckling behavior [9–11]. The surveys [12–14] pro-
vide a comprehensive overview of the research progress in mechanical 
metamaterials.

Once the properties of the base material are given, the mechan-
ical properties of the metamaterial are determined by its geometry. 
Mathematically, geometry can be expressed in various forms, such as 
parametric functions, implicit functions, discrete meshes, and voxel 
representations. Voxel representation has two main advantages com-
pared with other representations: (1) it is flexible for representing 
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various geometries, thus possessing various mechanical properties, and 
(2) it is regular and simple, reducing the design difficulty of the 
metamaterial generation algorithm. Moreover, high-resolution meta-
materials represented by a large number of voxels can have delicate 
local structures, thus showing exciting mechanical properties.

Voxel-based metamaterials are generally obtained using the topol-
ogy optimization method to solve the inverse homogenization prob-
lem [15]. However, this method has three limitations due to the 
large design space, which is based on density. First, high-resolution 
topology optimization still requires expensive computing resources and 
considerable computing time, although various excellent algorithms 
have been proposed, such as the multi-CPU framework [16–18], GPU 
computation [19–22], and adaptive mesh refinement [23]. Second, 
since the optimization problem is highly nonlinear and nonconvex, 
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the optimized metamaterials are closely related to the initialization. In 
practice, there is almost no rule for choosing initial metamaterials to 
be optimized with high stiffness (or values near the theoretical limits), 
and we can only perform tedious trial and error. Third, due to the high 
computational burden and the dependence on initial metamaterials, 
diverse generated metamaterials have poor geometric connectivity, 
and it is challenging to create metamaterial sequences with extreme 
mechanical properties, thereby decreasing their performance in mul-
tiscale design [24,25]. The data-driven inverse design of mechanical 
metamaterials is a possible way to address these limitations [26]. 
Recently, evolutionary strategy-based and deep learning-driven inverse 
design frameworks have further advanced this field [27,28]. It can 
inversely design mechanical metamaterials [29–32] and quickly as-
semble and generate multiscale systems [33,34]. Specifically, since the 
goal of a deep generative AI model is highly similar to that of an 
inverse design algorithm, which is to generate a microstructure meeting 
specific requirements, deep generative AI models have been widely 
used to create microstructures [35,36]. Moreover, recent studies have 
demonstrated that programmable structural design and tunable defor-
mation mechanisms further enhance the versatility of metamaterials 
in functional applications [37–41]. Collectively, these works highlight 
current trends toward intelligent, reconfigurable, and multiscale design 
paradigms, reinforcing the relevance of the proposed data-driven ap-
proach to the broader field of architected metamaterials. In addition 
to the representation of models, datasets play a crucial role in this 
kind of algorithm. The existing microstructure datasets mainly include 
three types: (1) low-resolution datasets using pixel/voxel representa-
tion [42–44], (2) datasets with varying geometric parameters such as 
the width of the truss [45–47], and (3) implicit surface-based datasets 
that mainly contain triply periodic minimal surfaces (TPMS) [48] and 
spinodoid surfaces [29]. Unfortunately, the current datasets exhibit 
limitations. For instance, many databases are configured in either 2D 
pixel or 3D voxel structures with low resolutions, which significantly 
restricts the performance of these datasets. While structures repre-
sented by geometric parameters have fewer design variables, their 
coverage of performance space is also limited. The implicit represen-
tation of datasets belongs to a specific function class, which is more 
suitable for certain scenarios; for example, the spinodoid structure 
dataset is ideal for bionic bone structure optimization. Therefore, the 
need for advanced data-driven methods and the generation of high-
resolution voxel-based datasets with high property coverage to explore 
mechanical metamaterials is becoming increasingly urgent.

We construct a voxel-represented mechanical metamaterial dataset 
at a high resolution of 1283, with partial coverage of modulus varia-
tions. Each metamaterial is obtained using the LIVE3D framework [22], 
which requires only a GPU. Specifically, the bulk modulus, shear mod-
ulus, and Poisson’s ratio are the optimization objectives, and the con-
strained volume fraction ranges from 0.2 to 0.9. Furthermore, isotropic 
constraints are added to optimize part of the microstructures. Thus, the 
optimized dataset includes both isotropic and anisotropic metamateri-
als.

This paper introduces a fast inverse design method to generate 
voxel-based mechanical metamaterials. Central to the technique is the 
adoption of the self-conditioned diffusion model (an advanced deep 
generative AI algorithm), which produces a microstructure with a res-
olution of 1283 to approach the specified homogenized stiffness tensor 
matrix in just 0.42 s on an NVIDIA GeForce RTX 3090 GPU, which is 
about 100 times faster than the state-of-the-art gradient-based topology 
optimization algorithm [22]. This algorithm substantially enhances 
the efficiency of the microstructure inverse design. Since the initial 
dataset only partially covers modulus variations, we apply an active 
learning technique to train the diffusion model and augment the dataset 
alternately. This results in a dataset featuring more diverse shapes, 
broader coverage of modulus values, and a diffusion model with higher 
generation accuracy.
2 
Consequently, the model is successfully used for efficient inverse de-
sign, facilitating the exploration of extreme metamaterials, sequence in-
terpolation in metamaterials, and the generation of diverse microstruc-
tures. First, the diffusion model has been proven to be effective in 
generating initial microstructures for subsequent traditional topology 
optimization. For example, we use the diffusion model to construct 
an initial microstructure with a negative Poisson’s ratio of −0.54 and 
then realize the final extreme metamaterial with a negative Poisson’s 
ratio of −0.63 through subsequent topology optimization. Second, ac-
cording to the interpolation capability of the diffusion model, we 
generate a series of microstructure sequences that closely approach 
the theoretical upper limit. Finally, since the diffusion model can 
generate geometrically diverse microstructures, it is more likely to have 
high geometric connectivity while approaching the target properties in 
multiscale design.

2. Preliminary

2.1. Inverse homogenization method

Topology optimization (TO) is a computational design method that 
optimizes material distribution within a given design space, subject to 
prescribed constraints, in order to achieve optimal performance. It is 
widely used in structural and material design, particularly in additive 
manufacturing [49,50], aerospace [16,49], and mechanical engineer-
ing [51]. Unlike traditional shape and size optimization, TO allows 
the creation of novel, complex structures that maximize efficiency and 
performance.

Inverse Homogenization  [52] is a computational design approach 
used to create microstructures with tailored effective material prop-
erties. It is commonly applied in designing metamaterials, composite 
materials, and architected structures for applications in mechanical, 
thermal, and acoustic engineering. Unlike classical topology optimiza-
tion, which optimizes macroscopic structures, inverse homogeniza-
tion focuses on designing periodic microstructures that exhibit desired 
macroscopic properties.
Fundamentals of homogenization theory. Homogenization is a mathe-
matical technique that estimates the effective properties of heteroge-
neous materials by averaging their microscale behavior. This approach 
is essential for modeling composites and metamaterials where mi-
crostructural features dictate macroscopic properties. In general, the 
effective (homogenized) properties of a periodic microstructure are 
computed using the Representative Volume Element (RVE), which 
satisfies the governing equations of elasticity: 
∇ ⋅ 𝝈 = 0, (1)

where 𝝈 is the stress tensor. The effective stiffness tensor 𝐂𝐻  is derived 
by solving the cell problem: 

𝐶𝐻
𝑖𝑗𝑘𝑙 =

1
𝑉 ∫𝑉

𝐶𝑖𝑗𝑘𝑙(𝜀∗𝑝𝑞 + 𝜀0𝑝𝑞) 𝑑𝑉 , (2)

where 𝜀∗𝑝𝑞 is the microstructural strain field due to periodicity condi-
tions, and 𝜀0𝑝𝑞 is the macroscopic strain.
Inverse homogenization problem formulation. In contrast to direct ho-
mogenization, which determines effective properties from a given struc-
ture, inverse homogenization seeks to design a microstructure that 
meets prescribed effective properties. The optimization problem can be 
formulated as:

min
𝜌

‖𝐂𝐻 (𝜌) − 𝐂target‖, (3)

subject to 𝑔𝑖(𝜌) ≤ 0, 𝑖 = 1, 2,… , 𝑚; (4)

0 ≤ 𝜌 ≤ 1. (5)

where density field 𝜌 represents the material distribution in the Rep-
resentative Volume Element (RVE). 𝐂𝐻 (𝜌) is the computed effective 
stiffness tensor. 𝐂target is the desired effective stiffness tensor. 𝑔𝑖(𝜌) are 
constraints such as volume fraction or manufacturability.
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Fig. 1. Overview of the voxel-based metamaterial dataset.  a Cubic symmetry and stiffness tensor. b Initial dataset. The subscript ‘s’ represents the properties 
of the base material. c Final dataset. d Bulk modulus, shear modulus, and Poisson’s ratio of the initial dataset. e Bulk modulus, shear modulus, and Poisson’s 
ratio of the final dataset.
2.2. Multiscale topology optimization

Multiscale topology optimization (MSTO) [26,52] is a computa-
tional approach that optimizes structures at both macroscopic and 
microscopic scales. MSTO integrates classical topology optimization 
with homogenization techniques, ensuring that microstructural features 
enhance macroscopic performance. Multiscale modeling in topology 
optimization is based on the separation of scales principle, where a 
structure consists of a macroscopic scale and a microscopic scale. The 
macroscopic structure is the overall structural domain that must satisfy 
mechanical, thermal, or multiphysics constraints. For the microscopic 
structure, the periodic or non-periodic microstructure dictates the ef-
fective properties of the macroscopic material. To link the two scales, 
homogenization theory is employed.

MSTO always restricts the microstructures used to certain subsets 
of microstructures, and describes them with a few shape parameters. 
Sometimes, it even describes a microstructure with a single variable 
density. Then we can model the inverse design on both the macroscopic 
and microscopic scales into the following optimization problem:

min
𝜌

𝑓 (𝐂𝐻 (𝜌)), (6)

subject to 𝑔𝑖(𝜌) ≤ 0, 𝑖 = 1, 2,… , 𝑚; (7)

0 ≤ 𝜌 ≤ 1. (8)

Here 𝜌 is a single density variable for each microstructure rather than 
a density field for each microstructure, 𝑓 is the objective function on 
3 
the macroscopic scale. 𝑔𝑖(𝜌) are constraints on macroscopic scale such 
as volume fraction or manufacturability. In this approach, the density 
field of each microstructure is simplified to a single density variable, 
which makes the computation feasible, but significantly restricts the 
shape of the microstructures.

In this paper, we employ another approach. The optimization is first 
carried out individually on the macroscopic scale to obtain the target 
homogenized stiffness tensor for all microstructures. The optimization 
problem is formulated as follows:

min
𝐂𝐻

𝑓 (𝐂𝐻 ), (9)

subject to 𝑔𝑖(𝐂𝐻 ) ≤ 0, 𝑖 = 1, 2,… , 𝑚; (10)

Then, Eq. (3) can be used to calculate the material distribution for 
each microstructure. However, solving a separate optimization problem 
for each microstructure is impractical. Therefore, in practice, we use 
our generative model to obtain microstructures that match the target 
homogenized stiffness tensor.

3. Methods

3.1. Data generation

Data format. Voxel-based microstructures are obtained by the inverse 
homogenization method in a cube domain. The cube is discretized 
into 𝑛 voxel elements, with each element assigned a density value of 
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Fig. 2. Comparison between perturbed results and generated results.
0 (void) or 1 (solid). Various combinations of 0 and 1 give rise to 
different microstructures, resulting in 2𝑛 combinations. The number 
of microstructure variations expands exponentially with the resolution 
parameter 𝑛. Consequently, voxel-based representations exhibit signif-
icant representational capabilities. However, it is essential to note that 
not all combinations yield satisfactory microstructures, and the large 
amount of data may impose a considerable burden on subsequent train-
ing and machine learning algorithms. When constructing the dataset, 
we consider the cube symmetry employing 1∕8 of unit cell lattice to 
simplify the representation (Fig.  1a). Subsequently, symmetric opera-
tions are applied to the 1∕8 unit cell lattice. This process ultimately 
leads to a cubic symmetric microstructure to facilitate calculation. To 
create a sufficiently large design space for a metamaterial database 
based on voxels, we establish microstructures at a resolution of 1283
and subsequently store 1∕8-th of it, equivalent to 643 microstructures. 
The representation is the basis for assembling a dataset incorporating a 
sizable assortment of voxel-based lattices, effectively capturing a broad 
range of mechanical properties.
Initial dataset generation. To construct the initial metamaterial dataset, 
we use the LIVE3D framework [22] to optimize a collection of meta-
materials (Fig.  1b). Specifically, trigonometric functions are adopted 
to cover various initial density fields. The basis functions of the ini-
tialization are {cos 2𝜋𝑘𝒙, sin 2𝜋𝑘𝒙} (0 < 𝑘 ≤ 𝑛), where 𝒙 ∈ 𝐑3 is 
the coordinate of the element’s center. We formulate the optimization 
model with the modulus as the objective function and the volume 
constraint. Consequently, the constructed dataset has partial coverage 
of modulus variations.
Data expansion. As shown in Fig.  1, the initial dataset consists of only 
microstructures with either a high modulus or low Poisson’s ratio. Con-
sequently, the coverage range is limited.In the following, we describe 
the procedure used to construct the final dataset shown in Fig.  1c. 
Previous methods [44,53] use perturbations to extrapolate substantial 
datasets from limited datasets. We also try a three-dimensional pertur-
bation method, yet the outcomes fall short of the ideal. Specifically, 
the surfaces of the structures derived through perturbation consistently 
exhibit characteristics reminiscent of potholes. Consequently, we ul-
timately chose to use active learning to expand the dataset. Fig.  2 
shows a comparison between active learning and perturbation. The 
perturbation method is an iterative process in which we locally apply 
elastic deformation to specified structures at each step. The deforma-
tion field is characterized by random Gaussian noise. For the active 
learning method, we randomly selected 9 microstructures from the 
final dataset, which were generated by the previous generation of the 
generative model. Then, we identified the most similar microstructures 
in the initial dataset. These 9 generated results can be considered as 
inheriting some features of the optimized ones. Additionally, we display 
9 microstructures obtained by perturbing these optimized structures. 
We observed that the perturbed structures have irregular surfaces, 
4 
whereas the generated structures perfectly retain the smooth surface 
characteristics of the optimized structures. From this perspective, active 
learning can be seen as a very high-quality perturbation method.

Instead, we propose the use of active learning to augment the 
dataset. In essence, active learning means repeatedly taking the results 
generated by the previous model and putting them back into the 
training set for further training. With each iteration, the data become 
richer. Due to the high fidelity of the generative model, it maintains 
its quality. The improved dataset results in higher accuracy and an 
expanded generative scope for the model. Then, in the subsequent 
iteration, the more powerful generative model will produce even richer 
data.

The generative model may occasionally generate unreliable results. 
If they are left in the training set for further training, the model’s relia-
bility will significantly diminish. Since we are generating one-eighth 
of unit cells, there are two potential types of unreliable generation 
results: (1) lack of connectivity, leading to disconnected unit cells, and 
(2) absence of voxels at the boundary, leading to either disconnected 
or lacking voxels at the boundary, which violates the assumptions of 
homogenization theory. After removing these two types of undesirable 
results, further data cleaning is necessary. We remove excessively dense 
data points in the 𝐶11 − 𝐶12 − 𝐶44 − 𝑉  space to ensure a uniform data 
distribution, thus preventing bias in the model.

After undergoing three cycles of generation, cleaning, data aug-
mentation, and retraining, we eventually obtained a comprehensive 
dataset that looks like the convex hull of the initial dataset. Our final 
dataset is obtained through three rounds of active learning. Fig.  3 
shows the dataset for each round. Our initial dataset consists of 14,396 
microstructures from a voxelized optimization algorithm. Since the 
dataset expanded by the perturbation method approximately covers the 
closure of the initial dataset, we aimed for active learning to achieve 
a similar or better effect. In the first round, we randomly generate 
8000 microstructures with specific stiffness tensors within or just out-
side the boundary of the perturbation dataset range. Specifically, we 
calculated a Signed Distance Function (SDF) to represent the range 
of the perturbation dataset and randomly generate stiffness tensors 
with 𝑓𝑆𝐷𝐹 > −0.025. Using these tensors as generation conditions, we 
obtain a second-generation dataset containing 22,396 structures. Next, 
we generate 20,000 microstructures in the same manner, and after re-
moving 53 invalid structures (those with no voxels on the boundaries), 
we obtain a third-generation dataset containing 42,343 microstruc-
tures. For the final iteration, we generate 80,000 microstructures with 
𝑓𝑆𝐷𝐹 > −0.025 and 50,000 microstructures with 𝑓𝑆𝐷𝐹 > −0.5. The 
former operation aims to fill the convex hull of the initial dataset, 
while the latter operation attempts to expand the dataset coverage 
further outward. After removing invalid structures, we obtained the 
final dataset containing 144,054 microstructures.
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Fig. 3. Four generations of datasets with each containing 14396, 22396, 42343, and 144054 data pairs.
Data statistics. The total optimization results consist of 10,000 struc-
tures optimized for bulk modulus and 4396 structures optimized for 
Poisson’s ratio. The volume fractions considered in the optimization 
range from 0.05 to 1. After iterative augmentation via active learning, 
our final dataset comprises 144,054 microstructures, as illustrated in 
Fig.  1. However, the distribution of these 144,054 data points in the 
𝐶11−𝐶12−𝐶44−𝑉  space is uneven. To prevent uneven data distribution 
from causing instability during training and reducing the accuracy of 
the generated results, the excessive data is removed from overly dense 
regions to ensure a more uniform distribution, resulting in a training 
set containing 21,212 data points.

By examining Figs.  1d–e and 3, it can be observed that, from 
multiple perspectives, whether in terms of the stiffness tensor or various 
moduli, the dataset gradually covers and eventually slightly exceeds the 
convex hull of the initial dataset during the active learning process. This 
phenomenon can be attributed to the generative network’s generaliza-
tion capability, which is developed from a large number of previously 
seen samples. The model naturally tends to produce new data that 
represent combinations of geometric features from those seen samples. 
When reflected in material properties, such geometric combinations 
cause the generated materials to fall within or near the convex hull of 
the initial range. Furthermore, those data points that slightly exceed 
the convex hull enable the well-trained model to assist in exploring 
extreme materials, which precisely embodies one of the key purposes 
of a generative model.

3.2. Framework of the diffusion model

Recent advances in diffusion models [55] have significantly im-
proved the generation stability and controllability of diffusion-based 
5 
generative frameworks. Unlike traditional generative models such as 
GANs or VAEs, which learn a direct mapping from latent space to 
data space, diffusion models gradually learn to reverse a well-defined 
noising process, resulting in superior sample fidelity and diversity. 
Furthermore, the self-conditioning mechanism [56] introduces an addi-
tional feedback loop by reusing the model’s previous prediction of the 
clean sample as an auxiliary input in the next denoising step.

As described in Denoising Diffusion Probabilistic Models (DDPM)
[57], a diffusion model comprises forward and reverse processes. In 
the forward process, Gaussian noise is incrementally introduced to the 
data point 𝑥0 until it evolves into pure Gaussian noise, denoted as 𝑥𝑇 , 
which can be defined as follows: 
𝑥𝑡 =

√

𝛾𝑡𝑥0 +
√

1 − 𝛾𝑡𝜖, (11)

where 𝜖 ∼  (0, 𝐼) and 𝛾𝑡 monotonically decreases from 1 to 0. The re-
verse process restores Gaussian noise 𝑥𝑡 to a data point 𝑥0 by denoising 
it step by step, this process is shown in Supplementary Fig. 3. At each 
step, the prediction of 𝑥𝑡−1 from 𝑥𝑡 is facilitated by a neural network, 
typically a U-Net, which predicts 𝑥𝑡−1, 𝜖, or 𝑥0. In our work, we use a U-
Net 𝑓 (𝑥𝑡, 𝑥̂′0, 𝑡, conditions) to predict 𝑥0, where 𝑥̂′0 is an estimation of 𝑥0
from the previous prediction, which is introduced by self-conditioning 
technique [56]. By reusing the model’s previous estimations as auxil-
iary inputs for subsequent denoising steps, the model effectively retains 
and refines information across iterations, enabling it to generate results 
that are more consistent and better aligned with the given conditions. 
During training, 𝑥̂′0 is set to 𝑓 (𝑥𝑡, 0, 𝑡, conditions) with 50% probability; 
otherwise, it is set to 0. The conditions include the stiffness tensor 
(𝐶11, 𝐶12, 𝐶44) and volume fraction. We first normalize 𝐶11, 𝐶12, and 
𝐶  into [0, 1] separately. Then, the condition’s four components are 
44
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Fig. 4.  Generative model framework and its three applications. a Framework of the diffusion model. b Using generated results as initials to do optimization 
approaching extreme. c Properties and shape interpolation of microstructure sequences based on the denoising diffusion implicit model (DDIM) [54]. d Multiscale 
design.
encoded by learnable sinusoidal embeddings and integrated into the 
model through classifier-free guidance [58]. By setting them to a pre-
determined special value (we use −1 in the experiments) separately or 
simultaneously, we can generate structures conditioned solely on either 
the stiffness tensor or the volume fraction or without conditions. The 
loss function is: 
𝑥0 = 𝐸𝜖∼ (0,𝐼),𝑡∼𝑈 (0,𝐼)‖𝑥̂0 − 𝑥0‖

2
2, (12)

where 
𝑥̂0 = 𝑓 (𝑥𝑡, 𝑥̂′0, 𝑡, conditions). (13)

Since the data are cubic symmetric, we force the results to be cubic 
symmetric at the end of the forward process, significantly improving 
the network performance.

Fig.  4 shows the detailed generative model framework and its appli-
cations. The backbone denoising network is a U-Net based on the stan-
dard 3D convolutional neural network. Following LAS-Diffusion [59], 
U-Net is composed of 5 levels: 643, 323, 163, 83, and 43, with feature 
dimensions gradually increasing to 32, 64, 128, 256, and 256, respec-
tively. Each level is constructed with a ResNet block, which includes 
two convolution layers with a kernel size of 3. In the U-Net bottleneck, 
two ResNet blocks are introduced. To map the voxel features at the 
finest level to a surface occupancy value, a convolution layer is added 
after the network. We also try different U-net settings, the ablation 
study results can be found in Supplementary Table 4.
Training details. During training, we set the stiffness tensor to −1 with 
a probability of 10%, the volume fraction to −1 with a probability of 
10%, and both to −1 simultaneously with a probability of 10%.  We 
6 
use the AdamW optimizer to train the diffusion model.  The learning 
rate is set to 2 × 10−4, the EMA rate to 0.999, and the model is trained 
for 4000 epochs. The evolution of the loss function can be found in 
Supplementary Fig. 4.

3.3. Universal guidance for interpolation

Specifically, universal guidance suggests that the classifier in clas-
sifier guidance can be replaced with any objective function, and its 
gradient can be used to guide the generation. The objective function 
for interpolation between microstructures is: 
𝐸(𝑥̂0,𝑖) = −3𝑓 (𝑝(𝑥̂0,𝑖))

+ 𝐸𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦(𝑝(𝑥̂0,𝑖), 𝑥0,𝑖−1)

+ 𝛼𝐸𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦(𝑝(𝑥̂0,𝑖), 𝑥0,𝑠𝑡𝑎𝑟𝑡)

+ (1 − 𝛼)𝐸𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦(𝑝(𝑥̂0,𝑖), 𝑥0,𝑒𝑛𝑑 ).

(14)

Here, 𝑥̂0,𝑖 is the predicted clear microstructure in the reverse denoising 
process for the 𝑖th microstructure in the interpolation sequence. 𝑝(𝑥) =
𝑡𝑎𝑛ℎ(64𝑥 + 1)∕2 is a projection function to force 𝑥 to a 0–1 tensor. 
𝑓 is a regressor that predicts the ratio of the bulk modulus of the 
microstructure to its upper limit at the volume fraction. The regression-
derived 𝑅2 is 0.99, and the corresponding fitted scatter plot is in 
Supplementary Fig. 2a. 𝐸𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦(𝑥, 𝑦) = ‖𝑥[0, ∶, ∶] − 𝑦[0, ∶, ∶]‖2, which 
measures the boundary difference between two microstructures 𝑥 and 
𝑦. The last three terms of the objective function correspond to the 
boundary differences between the currently predicted microstructure in 
the denoising process and the previous microstructure in the interpola-
tion sequence, the initial microstructure, and the final microstructure. 
𝛼 = 𝑖∕𝑁 , where 𝑁 is the length of the interpolation sequence.
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3.4. Multiscale design

The multiscale optimization problem extends the 2D problem [60]. 
The model utilizes relative displacement difference as an objective 
function defined as 

𝛥 =

√

∑

𝑖∈𝛺𝑠
(𝒖𝑖 − 𝒖0,𝑖)2

√

∑

𝑖∈𝛺𝑠
(𝒖0,𝑖)2

, (15)

where 𝛺𝑠 represents the surrounding region, 𝒖0,𝑖 is the 𝑖th nodal dis-
placements of the reference configure (the cloak region has the same 
structure as the surrounding region) , while 𝒖𝑖 represents the 𝑖th nodal 
displacements of the cloaked configure. To ensure that the designed 
microstructure with a specified stiffness tensor falls within the range 
that our model can generate, an additional constraint is required: 

𝑓𝑆𝐷𝐹 (𝑦𝑒) > 0 ∀𝑒 ∈ 𝛺𝑐 , (16)

where 𝑦𝑒 represents the stiffness tensor of element 𝑒, 𝑓𝑆𝐷𝐹  is the signed 
distance function of the final dataset, and 𝑓𝑆𝐷𝐹 (𝑦𝑒) > 0 means that 𝑦𝑒 is 
within the range of the final dataset. 𝛺𝑐 is the cloak region. However, 
optimizing with such a large number of constraints is very challenging, 
so we approximate these constraints with a single constraint: 

1
𝑁

𝑁
∑

𝑒=1
𝑆(𝑓𝑆𝐷𝐹 (𝑦𝑒)) <

1
𝑁

, (17)

where 𝑆(𝑥) = (tanh(−𝜃𝑥) + 1)∕2 is a projection operation [60] which 
transfers 𝑥 into [−1,1], 𝜃 is a parameter to control the steepness of the 
projection and set to 64.

In practice, we found that this approximate constraint does not 
always replace the original element constraints well. To address this, 
we adopt a simple but effective approach: after each optimization 
iteration, we project 𝑦𝑒 with 𝑓𝑆𝐷𝐹 (𝑦𝑒) < 0 to the region that satisfies 
𝑓𝑆𝐷𝐹 > 0.

After obtaining the stiffness tensor for each unit, we use these stiff-
ness tensors as conditions to generate 10 microstructures for each ten-
sor. Then, dual-decomposition Markov random field optimization [60,
61] is adopted to identify the configuration with the optimal connec-
tivity among all combinations of generated microstructures.

4. Results

All results in this section are obtained using DDIM sampling with 
25 steps. Results of more sampling strategies are provided in Supple-
mentary Table 3.

4.1. Performance of the diffusion model

Fast inverse design. As the voxel resolution progressively increases, the 
computational costs will correspondingly increase via traditional topol-
ogy optimization methods. In essence, computer memory and com-
puting time are enormous challenges. After fully using the hardware 
resources, the inverse design problem is solved by the multi-CPU frame-
work [17] and GPU computations [22]. Nonetheless, conventional 
approaches typically require several hours for resolution. Our guided 
diffusion model for attaining one microstructure with a resolution of 
1283 requires only 0.42 s under a specified stiffness tensor.

In the following two paragraphs, we analyze the generation perfor-
mance conditioned on a stiffness tensor. A similar analysis for genera-
tion conditioned on the stiffness tensor and volume fraction, or solely 
on the volume fraction, is provided in Supplementary Fig. 1.
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Accuracy and diversity. Our primary goal is to generate diverse mi-
crostructures with prescribed stiffness tensors. For accuracy assessment, 
we measure the relative error of the stiffness tensor 𝐂 as the average 
of the relative errors associated with its three independent components, 
namely, 𝐶11, 𝐶12, and 𝐶44. The error statistics are as follows: 

𝐸𝑟𝑟(𝐂cond,𝐂gen) = 1
3

∑

𝑖∈{11,12,44}

|

|

|

𝐶cond𝑖 − 𝐶gen𝑖
|

|

|

𝐶max
𝑖 − 𝐶min

𝑖

, (18)

where 𝐂cond is the target stiffness tensor as the condition of the diffu-
sion model and 𝐂gen is the stiffness tensor of the generated structure. 
𝐶𝑚𝑎𝑥
𝑖  and 𝐶𝑚𝑖𝑛

𝑖  represent the maximum and minimum values of the 
term 𝐶𝑖 for elastic tensor 𝐂 in our dataset. The specific maximum and 
minimum values used in the calculations are provided in Supplemen-
tary Table 1. Fig.  5a–c show the generation accuracy on the randomly 
sampled test set of the stiffness tensor, with an average error of 3.08%, 
which is further reduced to 1.30% if we choose the best structure 
among the four generated structures corresponding to each target ten-
sor. Among all 4,000 generated results, we found that all structures had 
voxels on the boundary, and there were 106 disconnected structures. 
These disconnected structures had only a small volume fraction. For 
these patients, we included the largest connected component in the 
analysis.

Our diffusion model can generate many differently shaped mi-
crostructures for the same target stiffness tensor. For the statistical 
analysis of diversity (and later novelty), we define the shape similarity 
of two microstructures of 𝑆1 and 𝑆2: 

𝑆𝑖𝑚(𝑆1, 𝑆2) =
|

|

|

𝑆1 ∩ 𝑆2
|

|

|

√

|𝑆1| ∗ |𝑆2|
, (19)

where |𝑆| denotes the number of voxels in 𝑆, and |𝑆1 ∩ 𝑆2| is the 
number of intersecting voxels between the two structures 𝑆1 and 𝑆2. 
In Fig.  5e, we compute the pair-to-pair similarity between the four 
structures generated by each target tensor, and the results further show 
that we yield very different microstructures for the same target tensor.

In classifier-free guidance, we can make a trade-off between ac-
curacy and diversity by adjusting the guidance scale. In all the ex-
periments shown in Fig.  5, we set the guidance scale to 1. More 
analysis of the guidance scale can be found in Supplementary Table 2. 
Furthermore, training an additional regressor is required only to enable 
generation under any other conditions.

In our interpolation task, we use a regressor to predict the ratio 
between the bulk modulus 𝐾 and the upper limit of the bulk modulus 
𝐾𝑏 under the same volume fraction, with a coefficient of determination 
𝑅2 = 0.99.

Novelty and generalizability. Additionally, our goal is not only for the 
model to memorize the training set but also to genuinely comprehend 
the relationships between the shape and properties of the microstruc-
tures. To assess the novelty, we continue to utilize the previously 
defined shape similarity in Eq. (19) and further define the similarity 
between a microstructure and a dataset as the maximum similarity 
between that structure and all microstructures in the dataset. Fig. 
5d illustrates the similarity between the generated results and the 
training set, providing evidence of our model’s ability to generate 
novel microstructures. In Fig.  5f, we further illustrate three sets of 
results, comparing the generated outcomes with the microstructures 
in the dataset that exhibit the highest similarity. We found that most 
generated results are closer to the target property than their most 
similar microstructures in the dataset. Some exhibited noticeable shape 
changes, while others achieve greater proximity to the target property 
through subtle alterations in shape. This suggests that our model has 
indeed learned the relationship between the shapes of microstructures 
and their properties. It not only provides powerful generative capabil-
ities but also holds the potential to assist researchers in investigating 
the mechanisms behind various physical properties in the future.
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Fig. 5. Performance of the diffusion model. a–c Generalization and accuracy. We randomly take 1000 stiffness tensors from the dataset and generate 4 
structures per tensor. a Minimum relative error of the 4 generated results for each given tensor. b Relative errors of all generated results. c Minimal relative errors 
of the 1000 given stiffness tensors. d–f Diversity and novelty. Novelty is quantified via similarity to the nearest dataset structure, while diversity is assessed through 
dissimilarity among four structures under the same property condition. f We present three sets of structures (four generated under same condition alongside their 
nearest dataset counterparts) to highlight diversity and novelty. Yellow/blue boxes highlight cases where shape changes significantly/minimally but improve 
accuracy.
Fig. 6. Distributions of properties for final dataset vs. generated results with extreme property inputs. a Poisson’s ratio distributions for the final dataset 
and generated samples with extremely low (negative) Poisson’s ratio inputs. b Shear modulus distributions, normalized by the theoretical upper bound at the 
same volume fraction, for the dataset and generated samples with extremely high shear modulus inputs. c Young’s modulus distributions, normalized by the 
theoretical upper bound at the same volume fraction, for the dataset and generated samples with extremely high Young’s modulus inputs.
 

4.2. Exploration of metamaterials with extreme mechanical properties

We further demonstrate that the trained generative model facilitates 
the inverse design of metamaterials with extreme mechanical prop-
erties, including extremely low negative Poisson’s ratios, as well as 
exceptionally high shear and Young’s modulus. Fig.  6 compares the 
property distributions between the generated results and the dataset in 
three cases. The comparison shows that it is easy to generate metamate-
rials with extreme mechanical properties. In each of the three instances, 
we initially select ten microstructures from the dataset with properties 
close to the extreme and use their properties as generation conditions. 
We generate ten microstructures for each condition. 
8 
Next, we demonstrate how to combine the generative model with 
optimization methods to obtain materials with extreme properties that 
also satisfy additional requirements, such as specific volume fractions 
and isotropy.

Topology optimization using high-resolution frameworks has proven
beneficial for exploring a broad range of metamaterials. However, it is 
a gradient-based optimization method whose results are closely related 
to the initial inputs. In other words, distinct initial values impact both 
the topologies and the performance of the final results. The uncertainty 
associated with the initial structure requires repeating the optimization 
process multiple times. The proposed diffusion model can provide 
better initial candidates for topology optimization algorithms.
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Fig. 7. Optimization with the generated structures as the initializations. For three optimization examples (a minimizing Poisson’s ratio, b maximizing Young’s 
modulus under isotropy, and c maximizing shear modulus under isotropy), we employ our model to generate initializations to help the optimization algorithm 
obtain extremer and more diverse microstructures. In each example, we select 10 microstructures close to the target in the dataset and use their properties as 
the generation condition to generate 100 microstructures as the initial for optimization, of which 4 structures are shown on the right side, and their properties 
are shown in the zooming graph.
Fig.  7 illustrates three cases of the optimal design of voxel-based 
microstructures for extreme properties. The structures generated in Fig. 
6 are used as the initial designs for the optimization algorithm. The 
complete results are shown in Supplementary Fig. 5–10. In the first 
example, we optimize for the negative Poisson’s ratio at a volume frac-
tion of 0.2. The volume fraction and Poisson’s ratio of the conditions of 
the diffusion model, the 100 generated results, and their corresponding 
optimization results are shown in Fig.  7(a,left). Four sets of these 
microstructures are shown in Fig.  7(a,right). We successfully optimize 
for a negative Poisson’s ratio of −0.629, which is significantly lower 
than the dataset’s minimum value of −0.560. Our dataset includes data 
from optimizing for a negative Poisson’s ratio with random initializa-
tions. This comparison indicates that the initializations generated by 
our model outperform random initializations. In the second example 
(Fig.  7b), the Young’s modulus is optimized under the constraints 
of isotropy and a volume fraction of 0.4. In the third example (Fig. 
9 
7c), the shear modulus is optimized under the constraints of isotropy 
and a volume fraction of 0.6. In these two examples, we first filter 
out microstructures in the dataset that are close to isotropic (with a 
Zener ratio greater than 0.95 and less than 1.05). Subsequently, we 
choose microstructures near the corresponding volume fraction and 
close to the Hashin–Shtrikman (HS) bound [62] using its stiffness tensor 
as the generation condition. We achieve structurally rich, isotropic 
microstructures with performances close to the HS bound.

In fact, our generative model provides diverse and excellent initial 
structures for optimization problems with various scenarios, not lim-
ited to the three cases mentioned above. This generation–optimization 
approach can become a universal design process that is not limited 
by optimization goals and constraints. We obtain richer extreme struc-
tures by selecting more generation conditions for generating more 
microstructures as initial structures for optimization.
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Fig. 8. Microstructure interpolation and microstructure family of extreme property. a Interpolation sequence with structures having extremely low and 
extremely high Young’s modulus as the start and end points. b,c Interpolation sequence with high bulk modulus. In b, only noise interpolation is performed, 
while in c, universal guidance is added. d Interpolation trajectory in property space for a. e Interpolation trajectory in property space for b,c.
4.3. Microstructure interpolation

Metamaterials typically take shape through the periodic or hierar-
chical arrangement of individual cells. These materials must exhibit 
geometric connectivity [24] and maintain a continuous set of physical 
properties [25]. Direct generation of sequential microstructures using 
topology optimization methods requires extra connectivity constraints. 
Interpolation [55] is a common application in generative models and 
is particularly well-suited for generating sequential microstructures.

During sampling, we start with Gaussian noise and progressively 
denoise to obtain a clear structure. By reversing this process, we 
can deduce the corresponding noise from a clear structure. From this 
perspective, noise can be considered a latent space for microstructures. 
We perform spherical interpolation on the noise to obtain a series of 
continuously varying microstructures. Specifically, given the start and 
end structure for interpolation, we first determine their corresponding 
Gaussian noises, denoted as 𝑥1 and 𝑥2. Subsequently, we generate a 
series of Gaussian noises 𝑐𝑜𝑠(𝜃)𝑥0 + 𝑠𝑖𝑛(𝜃)𝑥1 where 𝜃 sweeps from 0 
to 𝜋∕2. By using this series of noises for unconditional generation, we 
obtain a set of microstructures that smoothly change in both geometry 
and physical properties.

Fig.  8a shows an interpolation application case with start and end 
having extreme Young’s moduli, and the corresponding elastic surfaces 
are shown below. For such an extreme start and end, a smoothly 
transitioned sequence can be obtained, demonstrating the robustness 
of the interpolation method. Although we have not introduced phys-
ical information into the unconditional generative model, the noise 
10 
of smooth transition leads to geometric shapes of smooth transition, 
resulting in their modulus also being smoothly transitional. However, 
such an interpolation solely for noise is not controllable for inter-
polation trajectories in the property space. This is consistent with 
past results [47]. As a result, there has always been a gap between 
microstructure interpolation and multiscale design.

After that, we modify the interpolation algorithm and obtained a 
family of microstructures with bulk moduli close to the HS bound and 
volume fractions ranging from 0.07 to 0.8, as shown in Figs.  8c and 
8e. We first obtain a series of microstructures with relatively high 
bulk moduli by selecting the start and end microstructures with bulk 
modulus values close to the HS bound, as shown in Fig.  8b. However, 
the bulk modulus of several microstructures falls below 86% of the HS 
bound. Then, following the so-called universal guidance [63], we add 
two controls for high bulk modulus and boundary similarity during the 
sequence generation and obtained the sequence shown in Fig.  8c. Its 
bulk modulus and transition smoothness are superior to those in Fig. 
8b.

4.4. Multiscale design

We employ the proposed generative model for designing a 3D 
mechanical cloak. As illustrated in Fig.  9, our design problem is set 
in a 40 × 40 × 40 cubic region. A cylinder with a radius of 20∕3 is 
carved out (void). The annular region surrounding the cylinder, with an 
outer radius of 40∕3, is to be filled with cloak material. The surrounding 
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Fig. 9. Mechanical cloak via multiscale design. a Problem definition. b 𝐶11 distribution of optimized result. c A cross-section of the optimized result. d The 
range of stiffness tensors that can be generated by the generative model. e A 3*3 part of the optimized result.
Fig. 10. Mechanical cloak design results under different boundary conditions, void shapes, and surrounding materials.  Each subfigure shows the 
displacement field on the mid-section, with the boundary condition and void shape indicated in the lower-left corner. a The results of the cloak structure for a 
circular cylinder void under a fixed-bottom compression boundary condition with surrounding material 1. b The results of the cloak structure for a square cylinder 
void under a dilating boundary condition with surrounding material 2. c The results of the cloak structure for a star-shaped cylinder void under pressure-sliding 
boundary condition with surrounding material 1. d The results of the cloak structure for a four-circular cylinder void under dilating boundary condition with 
surrounding material 1.
region is filled with a given structure. We optimize the material proper-
ties of the cloak region and identify corresponding structures from the 
dataset to fill it, rendering the void mechanically invisible. In Fig.  9, 
our designed invisibility cloak can reduce displacement distortion from 
34.3% to 4.12%. We present simulation results and additional examples 
under varying boundary conditions, void geometries, and surrounding 
materials in Fig.  10. Surrounding material 1 corresponds to an isotropic 
structure selected from the dataset, whereas surrounding material 2 
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represents a cubic thin-plate structure with a thickness of eight voxels 
on each face.

5. Conclusion

In this work, we present a fast inverse-design framework for me-
chanical metamaterials powered by an advanced deep generative
model. By integrating active learning, we construct a high-quality 
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dataset with extensive coverage of the design space and develop a 
generative network that achieves both high efficiency and accuracy. 
The main contributions and underlying mechanisms of the proposed 
framework are summarized as follows:

• High-quality dataset construction. A high-resolution, voxel-
based dataset is established by first generating an initial set of 
microstructures via topology optimization, followed by iterative 
dataset augmentation using active learning. This strategy ensures 
broad and representative coverage of the mechanical property 
space.

• Efficient self-conditioned diffusion model. At the core of the 
framework is a self-conditioned diffusion model capable of rapidly
synthesizing voxel-based microstructures at a resolution of 1283. 
The model accurately reproduces prescribed homogenized elastic-
ity tensors, achieving inference times as short as 0.42 s, thereby 
substantially accelerating the inverse design process.

• Multifaceted design capabilities. The proposed method is
demonstrated in three representative scenarios: (i) efficient explo-
ration of extreme-property metamaterials, (ii) continuous interpo-
lation within the design space for tailored mechanical responses, 
and (iii) generation of diverse microstructural patterns to support 
multiscale structural design.

Limitations and future work. The present framework focuses on generat-
ing individual microstructures with prescribed effective properties and 
does not explicitly account for connectivity or compatibility between 
neighboring unit cells. As a result, in applications such as metamaterial 
cloak design, an additional search procedure is required to identify 
suitable adjacent cells, which incurs non-negligible computational over-
head. Incorporating inter-cell connectivity constraints directly into the 
generative design process represents a promising direction for future 
research.
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